Abstract. It was established by X. Mo and the author that the dimension of each irreducible component of the moduli space Λd^^giX) of branched superminimal immersions of degree d from a Riemann surface X of genus g into CP 3 lay between 2d-4g+4 and 2d -g+4 for d sufficiently large, where the upper bound was always assumed by the irreducible component of totally geodesic branched superminimal immersions and the lower bound was assumed by all nontotally geodesic irreducible components of M.^^\{T) for any torus T. It is shown, via deformation theory, in this note that for d = Sg + 1 + 3k, k > 0, and any Riemann surface X of g > 1, the above lower bound is assumed by at least one irreducible component of
0. The dimension and irreducibility are two fundamental questions when dealing with moduli spaces. In [2] Calabi studied minimal 2-spheres in an ambient round sphere, where he showed that the ambient sphere must be of even dimension if the minimal 2-sphere is linearly full in the ambient sphere. Moreover, all the minimal 2-spheres are obtained by projecting horizontal holomorphic rational curves from the twistor space of the ambient sphere S 2n into S 2n . Here, the twistor space of S 2n is the Hermitian symmetric space of pointwise orthogonal complex structures of S 2n , and horizontally refers to the horizontal distribution of the twistor space naturally induced by the Riemannian connection of S 2n . In general, the projection of any horizontal holomorphic curve from the twistor space into S 2n is a minimal surface called a (branched) superminimal surface.
The twistor space of S 4 happens to be the pleasant CP 3 , where a horizontal holomorphic curve satisfies the differential equation (1) zodzi -z\dzo + zidz3 -z^dzi = 0 with the homogeneous coordinates [zo z\ : zi : Z3] of CP 3 , with respect to which Bryant [1] proved the existence of branched superminimal surfaces of arbitrary genus and conformal structure in S 4 . Loo [10] and Verdier [12] later studied the moduli space of the branched superminimal spheres of a fixed area (equal to a constant multiple of the degree d of the corresponding horizontal holomorphic curves). Subsequently Mo and I [3] investigated the moduli space Md, g (X) of branched superminimal surfaces of a fixed degree d from any Riemann surface X of genus g into the four-sphere. By definition Md,g(X) is the variety of all horizontal holomorphic maps from X into CP 
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Q.-S. CHI sees that Md, g (X) is, roughly, a double cover of the variety λίd, g (X) consisting of pairs of meromorphic functions (/, g) over X such that / and g have equivalent polar divisors and identical ramification divisors (see [3] for more details). For the Riemann sphere, the nondiagonal part of Λfd, g (X), i.e., the set of elements not of the form (Λ o/,5o /) with A and B being Mobius transformations, which corresponds geometrically to the set of nontotally geodesic branched superminimal immersions, is always irreducible by a result of Einsenbud and Harris [4] , as Loo and Verdier pointed out. However, Mo and I exhibited a certain torus T of degree 6 for which the non-diagonal part of λίβ, l (T) is not irreducible [3] .
As for the dimension of the moduli space, or equivalently of λίd, g (X), we showed in [3] that although for a small degree the conformal structure of such a nontotally geodesic branched superminimal surface is very restricted, for any sufficiently large degree nontotally geodesic branched superminimal surfaces do exist for any conformal structure and the dimension of each irreducible component of the moduli space is between 2d -4g+4 and 2d -g+4. Setting g = 0, one sees that the moduli space for the Riemann sphere is therefore of pure dimension Id + 4 proved by Loo and Verdier. The upper bound 2d -g + 4 is always achieved by the branched totally geodesic superminimal surfaces, or equivalently by the diagonal part of λίd, g (X) , and the lower bound 2d -Ag + 4 is achieved by all non-diagonal irreducible components of λίβ, l (T) for any torus T.
In is tempting to suspect that the non-diagonal part of λίd, g (X) is of pure dimension 2d -Ag + 4 for all X as long as d is sufficiently large.
From a different angle, the above equation defines the canonical contact structure of CP 3 . Recall that by a complex contact 3-fold W we mean there endows onWa holomorphic line bundle L* of 1-forms such that if θ is a local section of L* (called a local contact form), then θ A dθ is a nondegenerate 3-form. The dual of L* in TW is the 2-dimensional contact distribution V, with respect to which L, the dual of L* called the contact line bundle of W, is isomorphic to TW/Ί). A transition function computation [7] gives that (2) L~2 = JC, where /C is the canonical bundle of W. By Darboux's theorem, there is a local coordinate system (p,q, r) relative to which the local contact form can be written as
In fact, (1) comes down to (3) in affine coordinates of CP 3 when one sets one of the homogeneous coordinates equal to 1. Note that by (2)
Hence, the moduli space Md, g (X) intuitively may be thought of as a "family" of contact maps from X into CP We first make precise in the next section the notion of a family of contact maps from Riemann surfaces into a contact 3-fold W (whose images may be highly singular contact curves with varying conformal structures), and find conditions for the existence and completeness of such a family. We then specialize to CP 3 for the conclusion of the theorem. [6] , [9] , [11] . We call T the total space, M the base space and Φ the total deformation map. Intuitively, we think of M as the parameter space locally parametrized by For notational ease, we will not distinguish the Euclidean coordinates of a manifold from its corresponding manifold neighborhood henceforth. Sitting over each t is a complex manifold X t = p~ι(t) which is mapped to W by the map f t = Φ\χ t followed by the projection onto the first factor oϊW x M.
For us W will be a contact 3-manifold, X t will be Riemann surfaces of genus <?, whose conformal structures may vary, and f t : X t -* W will be nontrivial contact maps in the sense that f*(TX t ) is tangent to the contact distribution of W. Although the image of X t may be highly singular curves, the sigularities occur only at finitely many points. Hence we always have the exact sequence
where N t is the cokernel, for all t. Let £> be the contact distribution of W and let L := TW/V be the contact line bundle. We have the exact sequence
We wish to understand the tangent spaces of the deformation family. Recall that M is locally parametrized by (t\,... , t a ,... , t n ), which we may assume contains 0. Let us cover T with coordinates £/,-= {fo, ί)} over a neighborhood of 0 € .M such that (z, ) cover Xo and Φi := Φ|t/ f : £// ι-> W/, where W = {(pi,qi,n)} form a contact coordinate cover of W in the sense that over W, the contact form may be chosen to be (6) dn + Pidqi -qtdpi, (7) in mind, we obtain (9) ds ifCe _ dqj dpi dpi
At a point x covered by coordinate Zi on XQ, we denote by o(x) the minimum of the vanishing order of the three functions dpi/dzi, dqt/dzi, drt/dzi, which is an analytic invariant and is not zero only at singular points of the map /o. (In fact it suffices to consider only pi and qι in view of (7) [6] , where the deformation of an arbitrary map is considered, we want to construct formal power series φij (ZJ , t) and Φ, (zi, t) such that (10) Φij(Φjk(zk, t), t) = φikdk, t),
φ.ta.o) = /;•&•),

Φi(Φij(zj, t),t) = 9ij(Φj(zj, 0)
Our case involves one more condition than these four. Namely, Φ, (z, , t) must satisfy (7) as well.
Q.-S.CHI
We also adopt Kodaira's convention that for a power series P(t\,... , t n ), we denote by P m the finite sum of the series up to the ra-th degree, by P\ m the term of ra-th degree, and by P =m 2 to indicate that the two polynomials P and Q agree up to degree m. In [6] one solves the polynomial version of the second and the fourth item of (10):
The difference between our case and that in [6] , however, is that our deformation must always be contact. To achieve this goal, observe that there is a map
obtained, from the above lemma, by sending TQ into H°(Xo, λίo) followed by the connecting homomorphism
of (4). Now p(d/dt a ) is a 1-cocycle (Θ^(ZJ)). We set φjjizj, t) := bij(zj)
and, in view of (8) which completes the induction. One then goes through Kodaira's argument [8] , [9] verbatim to show the convergence of the series Σ m ®\m f°Γ sufficiently small t.
Since the dimension of the deformation family is that of To, which is the kernel of π, the dimension count follows from Riemann-Roch. D
In particular, S = 0 when /o is an immersion. The deformation family is then of dimension equal to dim H°(f*L) = 1 + deg(/ 0 *L) -g as long as deg(/ 0 *L) >2g-l. We denote by S + 1 the divisor supported at the singular points whose order at a singular point is one more than the singular order there, by [S + 1] the line bundle generated by the divisor, and by | <S| the number of singular points. A sufficient condition for the surjectivity of 7Γ, i.e., for assumption (2) in Theorem 2 to hold, is to consider the exact sequence
The surjectivity of π will be ensured if H 1 (/QL -[S + 1]) = 0, which is the case if
Hence π is surjective as long as the degree of / 0 *L is much larger than the singular divisor. 
t).
We say that a family (J 7 , Φ, p,M) with the initial map /o over to e M is complete at to if given any other family (T\ Φ f , p', M f ) with the initial map #o over t^ e M! equivalent to /o, there is a holomorphic map h from a neighborhood of t^ e M! to that of to £ Λ4 mapping t' Q to to such that the latter family is equivalent to the family induced from the former one. Here two families are said to be equivalent if there exist biholomorphisms between the total and the base spaces, respectively, that commute with the two total deformation maps. Consider the moduli space Md,g(Xo) Let V C Md, g (Xo) be the irreducible component containing /o, and let γ : \z\ < ε -» V be a parametrized curve with y(0) = /o such that y (ε) is a smooth point of V. We may choose ε so small that all γ(z) are immersed maps, so that γ (z) is in fact a family of immersed contact maps. By the completeness of T, the family γ (z) is induced from T so that γ (ε) lies in T and we may assume it is parametrized by some t° e U by choosing ε small enough. A sufficiently small neighborhood of γ (ε) in V consists of a family of immersed contact maps whose conformal structures remain fixed, and hence whose infinitesimal normal deformation, which is nothing but the tangent space to V at /,o, lies in the kernel /C,o. Therefore for g > 2, we have dim V < Id -Ag + 4. However, we have proved in [3] that dim V > Id -4g + 4 as mentioned in Section 0. So the equality is attained. For g = 1, the same argument would at first glance show dim V < 2d -Ag + 3, which seems to contradict dim V > 2d -Ag + 4. However, there is a 1-dimensional worth of translations on the torus that do not appear in the deformation, and any contact map composed with a translation on the underlying torus is again a contact map. Hence adding this extra dimension we still get the right dimension 2d -Ag + 4 for a torus. Now that τ > 2g + 1, the beginning degree of d is 8<? -f 1 and any two consecutive such d differ by 3. We are done. D
